We apply perturbation methods to solve in closed form a class of robust control problems, implied by Anderson, Hansen and Sargent setting of a preference for robustness. In the constant investment opportunity set case, we obtain closed form power series solutions for the arising robust Bellman equations. Explicit conditions on model parameters are given, which ensure that our solution is the unique classical solution of the robust control problem.
Introduction
It is a well-known fact that inter-temporal control problems are difficult to solve in closed form. Existence of closed form solutions depends, for instance, on assumptions regarding the class of utility functions used, the functional form of the dynamics for the underlying state variables, or the existence of intermediate consumption.
In his seminal work in the late sixties, Robert Merton (1969 Merton ( , 1971 ) solved in closed form some intertemporal consumption/investment control problems maximizing expected utility, under a hyperbolic absolute risk aversion utility function and a geometric Brownian Motion dynamics. However, due to the complexity of the optimality conditions, it has been clear since Merton's work that finding analytical solutions for this class of problems would have been the exception rather than the rule.
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In this paper, we focus on some max-min robust versions of the original Merton's problem, which have been recently advocated by Anderson, Hansen and Sargent (AHS, 2005) , to model misspecification aversion in intertemporal optimal decision making. To the best of our knowledge, no closed form solutions are known so far in the literature for this model class, even for the simplest setting with constant relative risk aversion utility and a geometric Brownian Motion dynamics. Indeed, it turns out that AHS's setting of robustness implies value functions and Hamilton-Jacobi-Bellman equations, which are more difficult to solve than in non-robust models, because of some intrinsic inhomogeneities arising in the former setting. Thus, the analysis of these models has been so far limited to numerical descriptions of the implied value functions and optimal policies.
We apply perturbation methods to solve in closed form AHS's robust control problem. For the constant opportunity set setting, we compute (i) closed form power series expressions for the implied value function, (ii) closed form expressions for the resulting optimal policies, and (iii) explicit parameter constraints, ensuring existence of a unique classical solution of the robust control problem and convergence of our power series to this solution. In addition, the constructive procedure used to compute our power series solutions shows that AHS's robust control problem possesses some strong intrinsic symmetries, which are in principle exploitable in more general max-min settings than the one studied in this paper.
Perturbation methods have been recently applied by Kogan and Uppal (2000) in the context of portfolio choice to provide first-order asymptotic solutions of Merton-type problems with time additive power utility in some partial and general equilibrium economies. In that paper, the perturbation parameter is the relative risk aversion. For the partial equilibrium setting, Ferretti and and Trojani (2004) show that asymptotic solutions in the risk aversion parameter have a theoretical foundation only for small neighborhoods of the logarithmic utility case. They propose a power series approach with respect to the intertemporal substitution parameter, which ensures existence of a globally convergent perturbation series. In some concrete model settings, this solution approach is shown to provide quite accurate approximations of the solution of the portfolio choice problem. A crucial feature of standard Merton's-type control problems, for applying these perturbation methods, is their homogeneity, which implies a natural guess for the functional form of the dependence of the candidate solution on current wealth. This paper considers robust versions of Merton's (1969 Merton's ( , 1971 ) consumption/investment control problem, which are characterized by a more general max-min stochastic that implies non time-separable preferences. Such a setting requires a more general perturbation approach that solves directly the relevant Hamilton-Jacobi-Bellman equations.
Section 2 defines the robust control problem implied by AHS model of a preference for robustness. In Section 3, closed form solutions of the rele-vant Hamilton-Jacobi-Bellman equations are computed. In addition, explicit conditions on model parameters are given, ensuring that our solution is the unique classical solution of this equation. Section 4 presents numerical illustrations of the implied optimal consumption/investment policies, whereas Section 5 summarizes and concludes.
A Robust Merton Model
There are two assets, a risk free asset with price B t at time t and a risky asset with price P t at time t, with dynamics given by
for given B 0 , P 0 and a Q 0 -Brownian motion (Z t ). The drift, volatility and riskless rate α, σ, r are constant. We consider agents with time preference parameter ρ ≥ 0 and power utility u of current consumption c t , given by
For γ → 0, the log utility case is obtained. Each agent allocates at each date t a fraction w t of current individual wealth W t to risky assets, yielding the current wealth dynamics:
To introduce model misspecifications and preferences for robustness in this setting, we follow AHS. Model misspecifications are represented by absolutely continuous measures Q. This defines a process ν, via the Radon Nikodým derivative, for any pair of absolutely continuous measures Q 0 and Q. That is,
Model discrepancy between Q and Q 0 is measured by the relative entropy process I t (ν), defined by
To set up the optimization problem of a robust agent, we introduce the distorted semigroups (T ν tween a malevolent player (selecting a worst case model ν wc ) and a robust agent (choosing optimal consumption and investment rules c t , w t ), who is rationally considering the possibility that the malevolent agent will select a least favorable model from the set of relevant misspecifications.
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Generally, (5) and (6) are not easily computed. However, in the diffusion setting it follows that solving (4) is equivalent to solving the single-agent HJB equation (cf. AHS):
The optimal policies are
Inserting (8), (9) in equation (7), gives the optimality condition for the robust value function J:
We impose a continuity condition in the risk aversion index for this differential equation:
where J log is the known value function of a robust agent with logarithmic utility function. The goal of the paper is to solve (10), subject to the continuity condition (11) . This defines the robust consumption/investment control problem of an agent with risk aversion index γ < 1 and robustness parameter ϑ ≥ 0.
Solution of the Robust Merton Problem
Closed form solutions of equation (10) for the limit cases ϑ = 0 or γ = 0 are well-known; see, for instance, Merton (1969 Merton ( , 1971 ) and Schroder and Skiadas (1999) . These solutions are given below for completeness, because they imply natural continuity conditions on the candidate solution for the general case ϑ > 0, γ < 1.
•
where
The solution is
To formulate the main theorem of the paper, we introduce the following notation.
Notation 1
The following constants are used in the formulation of the main theorem:
In addition, c 1 , c 2 are the roots of the quadratic equation
We finally define the constants
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The approach to obtain the solution of equation (10) is constructive. We guess a solution of equation (10), written as a power series of the form
We then insert this guess into equation (10), and expand the equation as a power series in ϑ. This procedure leads us to a hierarchy of inhomogeneous Euler differential equations, characterizing each an arbitrary term J (k) . The homogenous part of these equations does not depend on k. Therefore, the fundamental solution of the differential equation is the same for all terms
, k ∈ N. This fundamental solution is characterized by the two roots c 1 , c 2 , given above. The inhomogeneity R (k) in the hierarchy of equations depends on k, and has to be computed recursively, given as starting point the inhomogeneity R (1) , implied by the zero-th order standard Merton's so-
, given in equation (14). R (1) is obtained by inserting the standard Merton's solution (14) in the robust differential equation (10) . Given inhomogeneity R
is obtained by the variation of constants method. In this last step, an additional expansion is needed to linearize the inhomogeneity R is a linear combination of simple powers of W , with a power that does not depend on k. Third, the continuity condition (11) 
is just a convolution of simple powers of W . That is, J (k) itself is a simple power function of W , with a power that depends on k.
By applying this procedure to compute all terms J (k)
, we obtain the main theorem of the paper. (10) satisfying the continuity condition (11) . Such a solution can be written as a power series of the form
where, for k = 0, 1,
The relation between our power series solution and hypergeometric functions is introduced by the next remark. 
Remark 3 For every complex number x, the expression
This series converges for all complex arguments x if p ≤ q. If p > q + 1, the series diverges, and if p = q + 1 it converges for all complex numbers x with norm less than one.
A representation of J by means of a hypergeometric function is obtained under a mild additional requirement to the assumptions of Theorem 2. Let
be the roots of the quadratic equation
The following corollary to Theorem 2 then immediately follows. 
where function H is given by
Singularities in the power series solutions of Theorem 2 arise as soon as the coefficients c 1 , c 2 are integer multiples of parameter γ. This is equivalent to the existence of k ∈ Z such that
From the definition of parameters b 1 and b 2 , we know that these two quantities depend on γ. More precisely,
Therefore, we obtain the following proposition, which provides explicit description of all singularities in the power series solution of Theorem 2.
Proposition 5 The singularities in the power series solution of Theorem 2
correspond to all points in parameter space (r, ρ, q, γ), such that for some k ∈ N the following equation is satisfied:
In particular, the subset of singularities of the power series solution to Theorem 2 in parameter space (r, ρ, q, γ) has Lebesgue measure zero. For fixed parameters r, ρ, q, the discriminant of equation (21) is
If D > 0, one root of equation (21) is real, and two are complex conjugate. In this case, the real root is
For D = 0, at least two roots are identical. For D < 0, all roots are real and different. In the last case, they can be parameterized as
where ϑ = arccos
. In any case,
For instance, if r = 0.03, σ = 0.2, ρ = 0.04, and α = 0.1, it follows D < 0 and, for all k ≥ 70,
Note that coefficients α 0 , α 1 α 2 are bounded functions of k. Therefore, the roots of equation (21) are contained in a bounded interval, independent of k, which can be estimated explicitly. 
Include Figure 2 about here
The inhomogeneity of the solution to equation (10) is highlighted by the fact that optimal consumption/wealth ratio and investment weight surfaces, associated with different wealth levels in Figures 1 and 2 , are not identical. As expected, differences between the surfaces tend to zero as ϑ → 0 or γ → 0, because for ϑ = 0 or γ = 0 the relevant solution is homogenous. Optimal consumption is decreasing in ϑ and γ. The first effect is due to a robust precautionary saving motive. The second effect is due to the stronger desire to substitute inter-temporally, arising for larger elasticities of intertemporal substitution 1/γ. Optimal robust portfolio weights are decreasing in robustness parameter ϑ. For moderate robustness parameters ϑ, optimal portfolio weights are increasing in γ, as in the standard Merton model. For larger robustness parameters, however, they are decreasing in γ.
Conclusions
Using perturbation methods, we solve in closed form a class of robust control problems, implied by Anderson, Hansen and Sargent (AHS) setting of a preference for robustness. For the constant investment opportunity set case, we construct closed form power series solutions for the arising robust Bellman equations. In addition, explicit conditions on model parameters are found, which ensure that our solution is the unique classical solution of the robust control problem. The constructive procedure used to compute our power series solutions shows that AHS's robust control problem possesses some strong intrinsic symmetries. The proposed method can be used to solve more general max-min inter-temporal decision problems than the one studied in this paper.
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Appendix: Proof of Theorem 2
In a first step, we show that the proposed power series solves equation (10) .
In a second step, we show that continuity condition (11) ensures that our solution is unique. To prove that our candidate power series solution solves equation (10), we substitute it into equation (10) and verify that the equation is indeed satisfied.
Without loss of generality, we first remove the denominator in the ϑ−dependent term appearing in the equation (10) . That is, we consider solutions of the equation:
where operator D γ,ϑ is defined by
and the factor J
W W has been introduced to normalize the coefficients. An inhomogeneity of order k ≥ 0 is defined by
with the partial sums
For every k ≥ 1, the following recursion holds:
is up to terms of order O ϑ k+1 a solution of the k-th order hierarchy equation:
We next expand (23), term by term in ϑ. Using the expansion,
this gives for instance
Doing similar expansions for all terms in (23), it follows
solves the inhomogeneous linear differential equation
The homogeneous part of this equation does not depend on k. Using the closed form expression for the zero order term J
, this differential equation reads explicitly
with coefficients a 1 , a 2 defined in equation (17). Since J
solves the standard Merton's differential equation (12), we get
Inserting the closed form expression for J
, gives
For k = 1, it is now easy to insert expression J (1) of Theorem 2 in the RHS of equation (24), and verify that it equals the above expression for R (0) . For k = 1, the general solution J (1) of differential equation (24) can be determined using the variation of constants method:
for some initial values H 1 , H 2 . For γ → 0, the following limits hold:
and
These limits imply, as γ → 0,
Therefore, to satisfy continuity condition lim γ→0 J
= J (1) log , it follows H 1 = H 2 = 0, with J (1) log the first order term in the power series expansion of J log . We now prove the formula for the general term J
is given by
, term by term, up to order O ϑ
k+2
, and obtain for any k ≥ 1 the expansions:
Using the definition of S (k)
, we get
, we have:
In particular, if we consider these expansions up to second order, we obtain:
= J
For B (2) we used the fact that J
satisfies the standard Merton's differential equation (12) . Using these results, we get,
where M is the linear differential operator 
with E γ,ϑ defined in (25). Inserting formula (19) into equation (27), it follows by induction that equation (27) is satisfied for all k ≥ 2. This proves that our power series solution is a solution of the robust Bellman equation. We next prove uniqueness. To this end, we show that continuity condition (11) implies unique initial conditions for the system (27) of linear differential equations. We introduce a variation of constants operator V, defined by
This operator determines a particular solution of the equation
In addition, whenever F (W ) = W µ , it follows
For every k ≥ 2, the general solution of equation (27) is of the form
for given initial values H 1 and H 2 . However, continuity condition (11) implies that for γ → 0 the function J 
